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Unsteady Aerodynamics of Airfoils Encountering
Traveling Gusts and Vortices

J. Gordon Leishman*
University of Maryland, College Park, Maryland 20742

By means of the reverse � ow theorems, results are obtained for the unsteady lift and pitching moment
on two-dimensional airfoils penetrating sharp-edged traveling gusts. Both downstream and upstream
traveling gusts are considered. For the incompressible case, exact results are given and are generalized
numerically for any gust � eld by means of Duhamel superposition. Results are then given for the airloads
and acoustics generated by a two-dimensional airfoil encountering a vortex convecting at different gust
speed ratios. Numerical results for the traveling sharp-edged gust problem are also derived for subsonic
� ows by means of exact linear theory. Further results for the subsonic case are computed by means of
an Euler � nite difference method. It is found that the gust speed ratio has substantial effects on the
unsteady airloads and will be an important parameter to represent in helicopter rotor aeroacoustic prob-
lems.

Nomenclature
A i = coef� cients of indicial function
a = sonic velocity, ms2 1

bi = exponents of indicial function
C l = lift coef� cient
C la = lift curve slope, rad2 1

Cm = moment coef� cient about quarter-chord
Cml.e.

= moment coef� cient about leading edge
c = chord, m
G i = coef� cients of gust function
gi = exponents of gust function
M = freestream Mach number
q = nondimensional pitch rate, c/VÇa
R = rotor radius, m
r = radial distance from vortex center, m
r̄ = nondimensional distance from hub, yref/R
rc = vortex core radius, m
s = distance in semichords, 2Vt /c
t = time, s
t̂ = time, t/2M, s
V = airfoil velocity relative to � ow, ms2 1

Vg = gust convection velocity, ms21

V` = freestream velocity, ms2 1

w = gust velocity induced normal to airfoil, ms2 1

xv, yv = position of vortex, m
x, y = airfoil coordinate system, measured from leading

edge, m
yref = distance from rotational axis, m
Zi = aerodynamic de� ciency functions
a = angle of attack, rad
ae = effective angle of attack, rad
b = Glauert factor, 21 2 MÏ
G = vortex strength (circulation), m2s21

D = incremental quantity
DCp = differential pressure coef� cient
d(t) = Dirac delta function
z = nondimensional chord (measured from leading

edge), x /c
u = angular coordinate, cos21 (1 2 2z ), rad
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l = gust speed ratio, V/(V 1 Vg)
m = advance ratio, V` /VR
s = dummy variable of integration
fW = Wagner indicial response function
c = blade azimuth angle, rad
cK = Küssner function
V = rotor rotational velocity, rads2 1

Superscripts
c = circulatory part
nc = noncirculatory part
qs = quasisteady part

Introduction

T HE accurate prediction of the airloads induced on heli-
copter rotor blades encountering tip vortices generated by

other blades is key to predicting the rotor aeroelastic response
and rotor acoustics. The rapid changes in angle of attack re-
sulting from the intense velocity gradients generated by blade
tip vortices have been identi� ed as signi� cant sources of un-
steady aerodynamic loading1,2 and a major contributor to rotor
noise.3,4 Extensive research into the blade vortex interaction
(BVI) phenomenon has provided a good amount of funda-
mental knowledge and has led to an increased appreciation of
the dif� culties in its prediction.5– 9

Comprehensive helicopter rotor analyses contain sophisti-
cated structural dynamics as well as blade unsteady aerody-
namics and vortex wake models.10,11 These interdependent
models must be solved in a fully coupled sense, which places
stringent computational demands on the allowable level of un-
steady aerodynamic modeling. Although a wide variety of
aerodynamic and acoustic models exist, it has not yet proven
possible to model the aeroacoustics at the � delity necessary
for acceptable predictions or with reasonable computing
costs.11

A particularly promising and economical technique for pre-
dicting the unsteady aerodynamic effects of BVI is the indicial
method. The indicial response is de� ned as the response of the
aerodynamic � ow� eld to a step change in a set of de� ned
boundary conditions (forcing). This can be step change in air-
foil angle of attack, a step change in control surface de� ection,
or an encounter with a sharp-edged gust. With the indicial
response, the net response to an arbitrary forcing can be found
by Duhamel superposition. If the linearity of the � ow over the
required range of conditions can be justi� ed on physical
grounds, then the advantage of the indicial method is a tre-



720 LEISHMAN

Fig. 1 Typical variation in value of l for a helicopter blade sec-
tion at several radial blade stations at an advance ratio of oil.

mendous saving in computational cost over performing many
separate � ow� eld calculations. Furthermore, if the indicial
functions can be represented in an appropriate analytic form,
then well-established and ef� cient numerical methods exist for
this superposition process.12– 14 Good reviews of the basic in-
dicial concept are given in Refs. 15 and 16.

For incompressible � ow, the indicial lift on a two-dimen-
sional airfoil undergoing a step change in angle of attack has
been obtained.17 A corresponding solution for a stationary
sharp-edged gust in incompressible � ow has also been ob-
tained.18– 20 A summary of these results is given in Ref. 21. In
helicopter analyses, both the Wagner17 and Küssner18 functions
are commonly used in conjunction with Duhamel superposi-
tion to treat unsteady aerodynamic effects at a blade sectional
level. Compressibility effects on these indicial functions are
usually included semiempirically.22,23

While the Küssner function provides a basic representation
of unsteady aerodynamic effects, at least in incompressible
� ow, the helicopter BVI problem is more correctly idealized
as an airfoil (blade element) encountering a traveling (con-
vecting) vertical gust � eld. A gust speed ratio can be de� ned
as

V
l = (1)

(V 1 V )g

where V is the volocity of the blade element, and Vg is the
normal component of the gust (wake) convection velocity rel-
ative to the blade element. For a rotor of radius R and trans-
lating forward at an advance ratio m, the local velocity of a
blade element situated at a nondimensional distance r̄ from the
rotational axis is V = VR(r̄ 1 m sin c), where c is measured
from the downstream-pointing blade. The normal assumption
made in most rotor aerodynamic analyses is that the tip vor-
tices (and coresponding induced velocity � eld) are stationary
(nonconvecting) with respect to the rotor, so that l = 1 eve-
rywhere over the rotor disk. However, the self-induced veloc-
ities from the trailed vortex wake system result in a continu-
ously changing and nonuniform convection of the induced
velocity � eld with respect to the rotor. This can produce values
of l at the blade element which can be less than or greater
than unity. In this case

r̄ 1 m sin c
l(r̄, m, c) = (2)

r̄ 1 m(sin c 1 V /VR)g

where Vg is equated to the in-plane component of the wake-
induced velocity � eld perpendicular to the blade element,
which can be computed using a prescribed or free vortex wake
model for a given rotor operating state. Typical results for l
are plotted in Fig. 1 for several radial blade positions on a
four-bladed rotor operating at an advance ratio of 0.1. It will
be apparent that for these conditions l # 1 on the advancing

side of the rotor disk and l $ 1 on the retreating side. Note
that the deviations from unity (stationary gust � eld) are largest
for the retreating blade (180 deg < c < 360 deg) and over the
inboard part of the blade.

Numerical results for the lift on a thin two-dimensional air-
foil encountering traveling vertical gusts in incompressible
� ow have been obtained by Miles24 in terms of the parameter
l. Miles24 showed that as the propagation speed of the trav-
eling gust increased from zero to ` (l decreases from 1 to 0),
the solution for the lift changes from the Küssner result to the
Wagner result, with a variety of intermediate transitional re-
sults being obtained. These intermediate results represent the
proper indicial functions to use for a general convecting gust
analysis, at least if the � ow is assumed incompressible. Miles’
results24 were later generalized by Drischler and Diederich,25

who obtained continuous semianalytical forms for both the lift
and moment gust functions. Both approaches made use of ei-
ther algebraic or exponential approximations to the Wagner
function to facilitate numerical solutions.

Results for traveling gusts for Mach numbers greater than
zero are considerably more dif� cult to obtain, but analytic re-
sults for supersonic � ows have been obtained by Drischler and
Diederich.25 The subsonic case has been examined by Lomax,26

who obtained analytic solutions for the chordwise pressure
loading on thin airfoils during the penetration of stationary
sharp-edged gusts. Unfortunately, unlike the classical Küssner
sharp-edged gust function, there are no equivalent closed-form
solutions for the gust available in the subsonic case, and exact
analytical expressions for the airfoil pressure distribution can
be found only for a limited period of time after the gust entry.
The subsonic stationary gust result was also obtained in ap-
proximate form as a sum of exponential functions by Heaslet
and Spreiter27 using reciprocal relations. Neither author has,
however, obtained results for traveling gusts in subsonic � ows.

In the present work, an entirely different approach is taken
for the calculation of the lift and moment on airfoils encoun-
tering traveling gusts. The approach makes use of the reverse
� ow theorems, which permit the use of known solutions for
steady or unsteady airfoil � ows and obviate the need to start
the problem from � rst principles. In this paper, solutions for
downstream and upstream traveling sharp-edged gusts are ob-
tained, for both incompressible and subsonic compressible
� ow. The results are also generalized numerically, permitting
the airloads for any arbitrary traveling gust � eld, such as a
convecting vortex, to be computed. The overall objective of
the work is to provide an improved indicial function represen-
tation for use in helicopter rotor aeroacoustic analyses.

Approach
Traveling Sharp-Edged Gust – Boundary Conditions

Consider a two-dimensional airfoil traveling with velocity V
and subject to a vertical sharp-edged gust � eld of magnitude
w0 convecting with velocity Vg = (l21 2 1)V. When the gust
� eld is stationary, l = 1, and when traveling toward the airfoil
at in� nite speed, l = 0. For the sharp-edged gust, the primary
boundary condition is that w is zero on the part of the airfoil
that has not reached the gust front. This means that for a down-
stream traveling gust

210 if z > z = Vl t/c = s/2l0w = (3)21Hw if z < z = Vl t/c = s/2l0 0

and for an upstream traveling gust

2 10 if z < z = 1 2 V ul u t/c = 1 2 s/2 ul u0w = (4)2 1Hw if z > z = 1 2 V ul u t/c = 1 2 s/2 ul u0 0
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Fig. 2 Sharp-edged gust moving a) downstream relative to airfoil
(l > 0) and b) upstream relative to airfoil (l < 0). Adapted from
Miles.24

which is shown in Fig. 2. In either case, it will be seen that
the effective angle of attack changes progressively as a func-
tion of time as the airfoil penetrates into the gust front. For a
stationary gust l = 1, and under incompressible � ow assump-
tions, this is equivalent to solving Küssner’s problem.18,20 For
l = 0, this is equivalent to Wagner’s problem for a sudden
change in angle of attack.17 One objective of the current work
is to obtain results for any value of l, and in a suitable analytic
form to permit the calculation of the lift and moment for any
arbitrary gust � eld.

Reverse Flow Theorems

Reciprocal theorems have been applied to many aerody-
namic problems (where they are usually called reverse � ow
theorems).27– 35 The main utility of the reverse � ow theorems
is that they build from known solutions for airfoil � ows and
obviate the need to start each new problem from � rst princi-
ples. They are ideally suited to solving various indicial prob-
lems, both analytically and numerically, but surprisingly have
not seen widespread use. Nevertheless, they have recently been
used by Hariharan and Leishman36 to calculate the indicial
responses of airfoils with � aps in subsonic � ow. Their utility,
however, extends only to the integrated forces and moments
on the airfoil, not pressure distributions.

Very general forms of the aerodynamic reverse � ow theo-
rems have been established by Heaslet and Spreiter.27 Theo-
rems for the calculation of both the lift and pitching moment
are given in Ref. 27 and are applicable to both steady and
indicial motion.

Reverse Flow Theorem 1

The lift in steady or indicial motion of one airfoil having
arbitrary twist and camber is equal to the integral over the
planform of the product of the local angle of attack and the
loading per unit angle of attack at the corresponding points on
a second � at-plate airfoil of identical planform, but moving in
the reverse direction.

The signi� cance of Theorem 1 can be easily illustrated. Con-
sider two airfoils, one moving in a forward direction and the
other in a reverse direction. The � rst airfoil (the unknown
problem) has an arbitrary angle of attack distribution a1(x1),
which could be produced by a gust � eld or a � ap. The second
airfoil is a � at plate at constant angle of attack, a2 = const,
which is assumed to have a known aerodynamic loading over
the chord. This known loading can be of analytic or numerical
form and could be computed by a variety of methods. The
boundary conditions are

a = a (x ), a = const (5)1 1 1 2

The � rst reverse � ow theorem gives the result that

a C = a DC dx = a DC dx (6)2 l 2 p 1 1 p 2E E1 1 2

1 2

In other words, the lift coef� cient on the � rst airfoil can be
found from the loading on the second airfoil by integrating the
known solution and the local chordwise angle of attack, using

DCp2
C = a dx (7)l 1 2E S D1 a22

Another set of reverse � ow theorems apply for calculating
pitching moments. In this case, one has to make use of results
for pitch rate motion about some axis.

Reverse Flow Theorem 2

The pitching moment on one airfoil with arbitrary twist and
camber is equal to the integral over the planform of the product
of the local angle of attack and the loading per unit nondi-
mensional pitch rate at the corresponding points of a second
airfoil of the same planform, but comprising a � at plate mov-
ing in the reverse direction and pitching about the moment
axis of the � rst airfoil.

In this case, the pitching moment of the � rst airfoil is given
by

DC DCp p1 2

C = a dx = a dx (8)m 2 1 1 2E S D E S D1 q q2 21 2

The requirement for pitching about the moment axis of the
� rst airfoil introduces some additional complexity to the prob-
lem. However, if the known result for the second airfoil is for
pitching about its leading edge, then the moment about the
leading edge of the � rst airfoil can be written as

DC DCp p2 2

C = a dx 2 a dx (9)m 1 2 1 2E S D E S Dle q a2 22 2

which makes use of the chordwise loading solutions for both
angle of attack and pitch rate. The moment about the 1/4 chord
or any other axis can then be obtained by a simple transfor-
mation. Therefore, the reverse � ow theorems allow the steady
or unsteady lift and moment for any set of boundary conditions
to be simply obtained from the steady or unsteady results on
a � at-plate airfoil.

Results and Discussion
Traveling Sharp-Edged Gusts – Incompressible Flow

The reverse � ow theorems will now be applied to solve the
traveling sharp-edge gust problem in an incompressible � ow.
For M = 0, the chordwise pressure loading for an indicial
change in angle of attack is given by15

DC (z, t) 4 1 2 zp
= d(t) (1 2 z )z 1 4f (s) (10)Ï W Îa V z

The corresponding result for an indicial change in pitch rate
about the leading edge is given by15

DC (z, t) d(t)p
= (1 1 2z ) (1 2 z )zÏ

q V

1 2 z
1 (3f (s) 2 1) 1 4 (1 2z)z (11)ÏW Î z
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Note that the � rst term in each of the two preceding equations
is the noncirculatory or apparent mass loading, which for the
incompressible case is in the form of a Dirac delta function.

By using the reverse � ow theorems, the time-varying (in-
dicial) lift on the airfoil for a traveling sharp-edged gust can
be obtained by integration of the known � at-plate indicial pres-
sure loading over the appropriate part of the airfoil affected
by the gust front, but when moving in the reverse direction.
For the downstream traveling gust, this is equivalent to inte-
grating the known � at-plate loading from the trailing edge to
the leading edge of the gust front at z0 (Fig. 2). For the up-
stream traveling gust, the known loading must be integrated
from the leading edge of the airfoil up to z0. It will be im-
mediately apparent that different results, both quasisteady and
indicial, will be produced for downstream vs upstream moving
gusts.

For incompressible � ows, the noncirculatory part of the un-
steady lift can be written in terms of the instantaneous upwash
over the airfoil. For a traveling sharp-edged gust, results can
be obtained analytically by the integration of the � rst term of
Eq. (10) with the boundary conditions given in Eqs. (3) and
(4). For a downstream traveling gust, the noncirculatory lift
can be shown to be

ncC (t) ­ sin 2un 0
= 2 u 1 p 2 (12)0S DY(w /V ) ­t 20

where u0 = cos2 1 (1 2 2z0), so that u0 = 0 at the time when
the gust front is at the airfoil leading edge and u0 = p at the
trailing edge. For the upstream traveling sharp-edged gust, the
corresponding result for the noncirculatory lift is

ncC (t) ­ sin 2un 0
= u 2 2 (13)0S DY(w /V ) ­t 20

Eqs. (12) and (13) can be evaluated numerically at discrete
values of time as the gust front proceeds over the airfoil, the
time derivatives being evaluated by means of � nite differences.

Unlike the apparent mass terms, the circulatory parts of the
unsteady lift depend on the prior time history of the gust � eld,
and so the lift must be obtained by Duhamel superposition.
For a downstream traveling gust, the quasisteady part of the
circulatory lift can be obtained analytically by integration of
the second term in Eq. (10) with the appropriate boundary
conditions. For the downstream traveling sharp-edged gust, it
can be shown that the quasisteady circulatory lift is

qsC l
= 2(p 2 u 2 sin u ) (14)0 0(w /V )0

or in terms of equivalent angle of attack

qsC u sin ul 0 0qs= 2pa = 2p 1 2 2 (15)S D(w /V ) p p0

For the upstream traveling sharp-edged gust, the equivalent
quasisteady angle of attack is

u sin u w0 0 0qsa = 1 (16)S D S Dp p V

The net unsteady circulatory lift must now be determined by
linear superposition, that is, using Duhamel superposition with
the instantaneous or quasisteady equivalent angle of attack and
the Wagner function. Duhamel’s superposition integral can be
written analytically as

s
qs­ac qsC (s) = 2p a (01)f (s) 1 f (s 2 s) ds (17)l W WF E G­t01

and this can be solved numerically with a suitable algebraic
or exponential form for fW. For example, if Jones’ exponential
approximation34 for the Wagner function is assumed, i.e.,

N

1f (s) = 1 2 A exp(2b s) s > 0 (18)W i iO
i=1

with N = 2 and A1 = 0.33, A2 = 0.67, b1 = 0.0455, and b2 =
0.3, e.g., Ref. 21, then a � nite difference approximation to the
Duhamel integral leads to a one-step recursive formulation.
Denoting the current time step by t, the net lift coef� cient Cl

can be found using

N

c qsC = 2p a 2 Z = 2pa (19)l i eS O Dt t t
i=1

where the Zi or de� ciency terms are given by the one-step
recursive formulas

qs qsZ = Z E 1 A (a 2 a ) (20)i i i i t t2 1t t2 1

with Ei = exp(2biDs). The subscripts t and t21 are the current
and previous time steps, respectively. The de� ciency functions
Z i contain all of the time – history information and are simply
updated once at each time step as the airfoil penetrates into
the gust front.

The calculation of the corresponding unsteady pitching mo-
ments proceeds by a similar process. This case is somewhat
more dif� cult because the chordwise loading as a result of
pitch rate must be used in addition to the angle of attack result,
see reverse � ow Theorem 2. However, a simplifying result is
noted in this case if one recognizes that if the moment axis is
taken about the quarter-chord, then all terms involving the
Wagner function disappear. This eliminates the need to per-
form any further Duhamel superposition, leaving only integrals
involving quasisteady and apparent mass terms. In the case of
a downstream traveling gust, the unsteady pitching moment
about the quarter-chord is

nc 3C (t) ­ 3 sin 2u sin um 0 0
= u 2 2 p 1 (21)0F S D G(w /V ) ­t 8 2 120

and for an upstream traveling gust

nc 3C (t) ­ 3 sin um 0
= (sin 2u 2 u ) 2 (22)0 0F G(w /V ) ­t 8 120

Results for the unsteady lift and pitching moment for down-
stream traveling sharp-edged gusts are shown in Fig. 3. For l
= 0 (Vg = 6`), the results are shown to lead to the Wagner
function, with the formation of the singular part [a Dirac delta
function of magnitude d(t)/2 at s = 0], and, thereafter, a growth
in lift from half its � nal value at s = 01 . Perhaps more signif-
icantly, note that for l = 1 (Vg = 0), the present results reduce
to the Küssner function, which grows from zero lift at s = 0.
These two results are shown in Fig. 4 and have been compared
with the tabulations of these functions given by Sears20 or Lo-
max,15 for which the agreement is essentially exact.

For intermediate values of l, an interesting series of results
are obtained as the gust propagation speed increases from zero
(l = 1). As shown in Fig. 5, which presents a breakdown of
the constituent parts of the lift, the noncirculatory term is re-
sponsible for the very large peaks in the lift produced as l
decreases. The lift reaches a maximum at the point when the
airfoil is about halfway into the gust. It can be seen that the
magnitude of these peaks is often larger than the steady-state
lift coef� cient of 2p per radian. For gusts that move with the
wing at velocities less than 0 (l > 1), the noncirculatory part
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Fig. 3 a) Lift and b) moment for downstream-moving sharp-
edged gusts in incompressible � ow.

Fig. 4 Numerical calculation of Küssner’s function using reverse
� ow theorems compared to exact solution.

Fig. 5 Apparent a) mass and b) circulatory contributions to the
unsteady lift for downstream-moving sharp-edged gusts in incom-
pressible � ow.

Fig. 6 a) Lift and b) moment for upstream-moving sharp-edged
gusts in incompressible � ow.

of the lift is small and the circulatory lift grows only very
slowly with time.

The corresponding pitching moment for downstream trav-
eling gusts also shows an interesting and signi� cant behavior
(Fig. 3), with a change in the sign of the c.p. for l greater or
less than 1. For the stationary gust (l = 1), the c.p. remains at
the quarter-chord throughout the motion, a result previously
proved analytically by Sears.20 As the gust speed approaches
in� nity, the peak in the moment approaches 2pd(t) with the
c.p. moving to midchord. For receding gusts, the c.p. moves
in front of the quarter-chord.

Results for upstream traveling gusts are shown in Fig. 6.
Again, for large gust velocities the results approach the Wagner
function. For progressively slower gusts, large peaks in the lift
and moment appear as a result of the noncirculatory contri-
butions to the airfoil loading. Note that the noncirculatory
terms are the same for any value of ul u , but that the total
transient value of the lift is higher than for a downstream trav-
eling gust. The reasons for this will be apparent from a com-
parison of Eqs. (15) and (16), which simply prove that a gust
affecting the trailing edge of the airfoil will have a larger effect
on the circulatory lift than a gust affecting the same percentage
of the leading edge. For the same reason, a trailing-edge � ap

de� ection is more effective in producing a change in lift than
a leading-edge � ap.

BVI Predictions – Incompressible Flow

The foregoing results have illustrated the signi� cant effects
of the gust speed ratio on the unsteady lift and moment for a
sharp-edged gust. In the sharp-edged gust case, semiexact re-
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Fig. 8 Predictions of a) lift and b) moment for upstream-con-
vecting vortices in incompressible � ow.

Fig. 7 Predictions of a) lift and b) moment for downstream-con-
vecting vortices in incompressible � ow.

sults have been obtained because certain integrals can be eval-
uated analytically. For the general case, the distribution of w
will be nonuniform over the airfoil chord, and although the
reverse � ow theorems can still be employed, the chordwise
integrals cannot be found analytically.

One such case with a general downwash distribution across
the chord involves the interaction of a vortex with an airfoil.
This is a classical and very practical problem in unsteady aero-
dynamics but apparently has not been solved for nonstationary
or convecting vortices in incompressible � ow, that is, for l ¹
1. For the stationary vortex, the time-varying lift can be ob-
tained by Duhamel superposition with the Küssner function,
and the moment about the quarter-chord remains zero through-
out.20 This result follows from the present work as a special
case.

To solve for the lift and moment for this general downwash
problem, a series of control points were distributed across the
airfoil chord. While the evaluation of the downwash at many
points over the chord is not desirable for a rotor analysis, the
incompressible theory furnishes a means of obtaining results
free from any approximations other than to the Wagner function.
The induced angle from a desingularized vortex of unit strength
(G/V`c = 1), convecting one chord (h = c) below the airfoil, was
computed for a series of gust speed ratios. The normal com-
ponent of velocity induced on the airfoil by the vortex is

G(x 2 x )vw(x, t) = (23)2 22p (r 1 r )c

where r is the distance along a radial from the vortex center
such that r2 = (x 2 xv)

2 1 ( y 2 h)2. The core radius rc was
assumed to be 0.05c. At each time step, the downwash over
the airfoil was computed and all of the integrals necessary to
compute the apparent mass and circulatory terms were evalu-
ated numerically.

Results for the lift and moment are shown in Fig. 7 as a
function of time in semichords of airfoil travel. The results are
referenced such that s = 0 when the stationary vortex is at the
airfoil leading edge. Note the familiar lift response for a BVI

event, with a reduction in lift as the vortex approaches the
airfoil, a rapid change and growth in lift as the vortex core
crosses below the chord, followed by a slow reduction in lift
as the vortex convects downstream. The effects of gust speed
ratio on the induced airloads were found to be signi� cant, with
the time-rate-of-change of lift on the airfoil increasing as Vg

increased. At the same time, the interaction occurs earlier or
later in time relative to the baseline (stationary) vortex.

Of particular note in Fig. 7 is the effect of gust speed ratio
on the pitching moment. For l < 1 (Vg > 0), the c.p. is aft of
the quarter-chord and a negative going moment pulse is ob-
tained. This is a result of the noncirculatory terms beginning
to dominate the solution, which have centroids other than the
quarter-chord. For l > 1 (Vg < 0), the noncirculatory terms are
small and the c.p. moves forward of the quarter-chord, thereby
giving a positive pitching moment in the initial stages.

Equivalent results for upstream traveling vortices are shown
in Fig. 8. The lift and moment are again noted to be more
sensitive to upstream traveling gust � elds. Because of the sen-
sitive effects of l on the BVI airloads, it is instructive to ex-
amine the effects on the acoustics. The Ffowcs-Williams-Haw-
kins equation shows that in the far-� eld compact source limit,
the acoustic pressure resulting from the airfoil loading is pro-
portional to the time-rate-of-change of lift.3,4,37 Acoustic pres-
sure results for the downstream traveling vortices are shown
in Fig. 9, the results being unscaled because no directional path
to an observer has been speci� ed. While the overall shape of
the acoustic pressure pulse is the same, the sensitivity of its
magnitude to the gust speed ratio is clearly very signi� cant.

Traveling Sharp-Edged Gusts – Subsonic Flow

The stationary sharp-edged gust problem in subsonic � ow has
been tackled by Lomax26 and is also summarized in Ref. 21.
For the early period 0 # s # 2M/(1 1 M ), the lift and moment
vary as simple polynomials. For the lift, Lomax26 gives

2s w0
C (s) = (24)l S DVMÏ
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Fig. 9 Predictions of acoustic pressure for nonstationary vortices
in incompressible � ow: a) downstream and b) upstream traveling
vortices.

Fig. 10 a) Lift and b) moment for downstream-moving sharp-
edged gusts in subsonic � ow at M = 0.5, as given by exact linear
theory.

The pitching moment can be deduced from Ref. 21 and is

1 M 1 1 w02C (s) = s 2 s (25)m F S D G S D2M V2 MÏ

For later values of time, the results are too complicated to be

found analytically, although some numerical results are still
possible.26

Lomax’s results26 for the gust case can also be obtained and
veri� ed by use of the reverse � ow theorems and further ex-
tended to traveling gusts by analogy with the incompressible
results given previously. In the subsonic case, the exact solu-
tion for the chordwise pressure loading on an airfoil under-
going a unit step change in angle of attack is38

a ˆ ˆDC (x, t ) 8 t 2 x9p
= 5 ÎS ˆa p(1 1 M ) Mt 1 x9

ˆ4 t(1 1 M ) 2 2(c 2 x9)
2 11 cosH F GˆpM t(1 2 M )

ˆ2x9 2 t(1 2 M )
2 12 cos (26)F GJDt̂(1 1 M )

where the domain is x9 = x 2 . Also, the exact solution forˆMt
the chordwise pressure on an airfoil undergoing a unit step
change in pitch rate about the leading edge is

Ça ˆDC (x, t ) 8p ˆ ˆ= 5 (t 2 x9)(Mt 1 x9)ÏF Sq pMc

3ˆM(1 2 M ) (t 2 x9)
1 Î2 ˆ3(1 1 M ) (Mt 1 x9)

ˆ ˆ2 (c 2 Mt 2 x9)(t 1 x9 2 c)Ï
ˆ1 t(1 1 M ) 2 2(c 2 x9)

21ˆ1 (Mt 1 x9) cosH F Gˆ2 t(1 2 M )

ˆ2x9 2 t(1 2 M )
2 12 cos (27)S DJDGt̂(1 1 M )

where both equations are valid for the early period 0 # #t̂
c /(1 1 M ). Note that 5 refers to the real part, where the real
parts of the arc cosine of numbers greater than 1 and less than
1 are 0 and p, respectively.26 Also, in contrast to the incom-
pressible case, at time zero the initial loading for each mode
of forcing is � nite as given by piston theory.21

The subsonic values of lift and moment for the penetration
of a traveling sharp-edged gust can only be found by numerical
means. In this case, however, in addition to chordwise inte-
gration of the loading over the appropriate part of the chord
by means of the reverse � ow theorems, the time – history of
the loading must be accounted for by Duhamel superposition.
For example, the lift can be written as

s z0

c (s) = DC (z = s/2 ul u 2 s, s 2 s) dz ds (28)l pE E
0 0

which is solved numerically, and where the chordwise integra-
tion of the � at-plate loading is performed for downstream or
upstream traveling gusts over the appropriate part of the chord
in accordance with the reverse � ow theorems.

Results for the lift and quarter-chord moment on the airfoil
penetrating sharp-edged gusts at a Mach number of 0.5 are
shown in Fig. 10 for various gust speed ratios. Results at other
Mach numbers are qualitatively similar and are not shown
here for brevity. The exact solutions for l = 1, as given by
Eqs. (24) and (25), are found to agree precisely with the nu-
merical results. The effect of increasing gust velocity is to
increase the rate of buildup of lift, analogous to the incom-
pressible case. Unfortunately, results can only be computed for
up to s = 2M/(1 1 M ) but vividly illustrate the sensitivity of
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Fig. 11 a) Lift and b) moment for upstream-moving sharp-edged
gusts in subsonic � ow at M = 0.5, as given by exact linear theory.

Fig. 12 Euler calculations of unsteady lift for downstream-mov-
ing nonstationary sharp-edged gusts at M = 0.5 and comparisons
to exact linear theory: a) early and b) later values of time.

the gust speed ratio on the aerodynamic response. For the sub-
sonic case, the c.p. is always initially forward of the quarter-
chord as the airfoil penetrates into the gust front but moves
back quickly again after the airfoil becomes fully immersed in
the gust. For large values of time, the aerodynamic center ul-
timately moves to the quarter-chord.

Computed results for upstream traveling gusts at a Mach
number of 0.5 are shown in Fig. 11. Analogous to the incom-
pressible case, the upstream traveling gust produces a more
rapid growth in lift. Also, in this case the initial moment is
signi� cantly nose down, again analogous to the incompressible
case. However, compared to the incompressible case, in the
subsonic case both the magnitude and time – history of the mo-
ments are quite different.

Direct Simulation by Euler Method

Modern � nite difference-based solutions can help establish
results for many practical problems that would otherwise re-
main intractable by analytic means. However, these solutions
are only available at signi� cant computational cost and even
then are subject to certain approximations and limitations. In-
dicial-type calculations are extremely useful, but it is dif� cult
to obtain reliable results because of the need to use � ne grids
and small time steps.39 Recent works by Parameswaran40 and
Singh and Baeder41 have shown the ability to compute accu-
rately indicial solutions using an Euler method with a grid –

velocity approach for representing the transient changes in the
boundary conditions. The pressure distributions and integrated
airloads have been compared in Ref. 41 with exact solutions
given by linear theory for indicial changes in angle of attack
and pitch rate, with excellent correlation. The exact results
from linear theory help provide validation for the Euler method
and also good check cases for the indicial method over a range
of conditions where analytical solutions may be unavailable.

Lift and pitching moment results for traveling sharp-edged
gusts have also been computed using the Euler method. The
airfoil used was a NACA 0006 and a vertical gust velocity

equivalent to a net 2-deg change in angle of attack was as-
sumed. Euler results for convecting sharp-edged gusts are
shown in Fig. 12 for a Mach number of 0.5 and for several
gust speed ratios. Note that in the early period, where s < 2M/
(1 1 M ), or 0.67 semichords at this Mach number, the lift
varies linearly with time as predicted by the exact linear theory,
the rate of growth increasing with increasing gust convection
velocity. The comparisons are excellent and lend signi� cant
credibility to the Euler results, which can provide solutions for
later values of time where exact solutions are not possible.
Like the incompressible results, the Euler results predict an
initial lift overshoot for s > 2M/(1 1 M ) that reaches a peak
when the airfoil is about halfway into the gust.

Corresponding results for the pitching moment are shown in
Fig. 13. Again, the results computed using the Euler method
are in excellent agreement with the linear theory at small val-
ues of time. As l ® 0, the initial value of the pitching moment
approaches a pulse of magnitude 21/M, as given by the piston
theory.21 Of particular interest here is the behavior of the pitch-
ing moment at later values of time, a result that cannot be
established from the linear theory. It is apparent from the Euler
results that the c.p. again moves forward of quarter-chord after
the airfoil fully penetrates the gust front and ultimately as-
ymptotes to near quarter-chord only at relatively large values
of time (s > 6).

Approximations to Gust Function

In any practical application of indicial theory, the gust func-
tions must be represented in a convenient analytic form for all
values of s to permit Duhamel superposition. As shown pre-
viously, while the incompressible case can be dealt with in a
semiexact form (except for the approximation to the Wagner
function), the subsonic case is not known analytically for s >
2M/(1 1 M ). Therefore, the problem must be handled by a
direct curve � t to the lift time – history for the traveling sharp-
edged gust as computed using the Euler method.
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Fig. 13 Euler calculations of unsteady moment about quarter-
chord for downstream-moving nonstationary sharp-edged gusts at
M = 0.5 and comparisons to exact linear theory: a) early and b)
later values of time.

Fig. 14 Exponential curve � ts to Euler results for traveling
sharp-edged gusts, M = 0.5.

An exponential � t to the indicial function will be used be-
cause it lends itself easily to numerical superposition by Du-
hamel’s principle in the form of the one-step recursive solution
given previously by Eq. (19). Mazelsky,42 and Mazelsky and
Drischler43 obtained exponential approximations to the station-
ary sharp-edged gust function, but not for traveling gusts.
While the exponential behavior of the indicial function is not
an exact representation of the physical behavior, it is usually
suf� ciently close for practical calculations. However, for some
applications, the exponential approximation to the indicial re-
sponse may not be adequate, and caution should always be
used.

An exponential approximation to the lift produced on an
airfoil encountering a traveling sharp-edged gust is assumed
to be of the form

N
C (s)l

= C (M ) 1 2 G exp(2g s) 1 G exp(2g s)l i i N1 1 N11S O Daw /V0 i=1

2 G exp(2g s) s $ 0 (29)N11 N12

where all of the coef� cients will, in general, be Mach number-
dependent. To satisfy the initial conditions at s = 0, then N(i=1

Gi = 1. Also, gi > 0 for i = 1 . . . N 1 2. The transient shown
in the lift response at small values of time for fast traveling
gusts is represented by the last two terms in Eq. (29), where
the coef� cient GN1 1 and the differences in the values of the
time constants gN1 1 and gN1 2 will affect the size and width of
this transient. Physically, this transient is a result of the ac-
cumulation of pressure waves. In the limit when l ® 0, the
magnitude of the transient approaches the piston theory value
of 4/M.

The functional form of Eq. (29) was � tted in a least-squares
sense to the Euler results. This was done by setting up the
solution as an optimization problem with equality constraints

and minimizing the cost function. Typically, four exponential
terms (N = 4 or 7 coef� cients) were found necessary to rep-
resent the traveling gust functions to an acceptable degree of
accuracy. Results of this curve-� tting process are shown in Fig.
14 for several gust speed ratios at a Mach number of 0.5. It is
seen that while an exact � t to the initial transient at smaller
values of l cannot be obtained, an acceptable level of accuracy
is possible for acoustically signi� cant values of l, that is, l <
1 (corresponding to the advancing blade). The generalization
of these gust functions in terms of l is, however, left as a
future task.

Subsonic BVI Problem

The � nal results presented in this article are for the airloads
and noise generated by an airfoil encountering a convecting
vortex in subsonic � ow. Again, the compact source assumption
is used so that the noise results are valid only for the far � eld.
Most of the BVI noise generated by helicopter rotors occurs
on the advancing side of the disk, and so attention is again
placed on downstream traveling gusts so that l < 1 (Vg > 0).
A vortex of strength G/V`c = 0.2 was assumed to convect at a
distance of a quarter-chord below the blade. This is a standard
test case that has received considerable attention in the liter-
ature.9,44 The present results were computed by Duhamel su-
perposition using the exponential approximation to the trav-
eling sharp-edge gust function. In this case, Eq. (19) can be
modi� ed to read

w wle le
C = C (M ) 2 Z 2 Z 1 (Z 2 Z ) (30)l l 1 2 3 4a S D S Dt t t t tV V

where wle is the vortex-induced velocity at the airfoil leading
edge at t.

Results for the unsteady lift and acoustics are shown in Fig.
15 for several gust speed ratios. Again, the results are all re-
ferenced to the l = 1 case, so that for downstream traveling
vortices the BVI encounter occurs progressively earlier. It will
be seen that the effect in increasing vortex convection speed
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Fig. 15 a) Unsteady lift and b) acoustic pressure for downstream-
convecting vortices. G/V` c = 0.2, h = 20.25c, and M = 0.5.

Fig. 16 Indicial and Euler predictions of a) unsteady lift and b)
pitching moment for convecting vortices. G/V` c = 0.2, h = 20.25c,
and M = 0.5.

(decreasing l) is to progressively increase the peak-to-peak
value of the unsteady lift but, more importantly, to increase
the time-rate-of-change of lift. This latter fact is vividly re-
� ected in the acoustics, where the BVI sound pulse increases
signi� cantly in magnitude, even for values of l not much
lower than unity.

Figure 16 shows results for the same BVI problem as com-
puted directly using the Euler method. Results for both l < 1
and l > 1 are shown. Predictions of the unsteady lift using the
indicial method are shown for l = 0.8, 0.9, and 1.0, based on
the exponential � ts to the sharp-edged gust results given pre-
viously in Fig. 14. It can be seen that the correlation of the
indicial results with the direct Euler solution is excellent. It is
important to note that the computational cost of the indicial
method is approximately � ve orders of magnitude less than the
Euler solution. Corresponding results for the pitching moment
are also shown in Fig. 16 using the Euler method, although in
this case, indicial results have not yet been obtained. For l =
1, the moment is small, as might be expected on the basis of
the results shown in Fig. 13 and the results for the incom-
pressible BVI problem shown in Fig. 7. It is signi� cant to note
that for l < 1, a negative-going primary moment peak is ob-
tained, but for l > 1, the sign of the primary moment changes,
which is consistent with the incompressible results shown in
Fig. 7. However, for the subsonic case, the quantitative results
are obviously rather different from those of the incompressible
case. Overall, these results indicate that the gust speed ratio
will be a necessary parameter to account for in helicopter air-
loads and acoustics analyses.

Concluding Remarks
The lift and moment responses on two-dimensional airfoils

encountering traveling sharp-edged gusts have been calculated.
The approach has made use of the reverse � ow theorems,
which have allowed results to be computed requiring only the
known loading on � at-plate airfoils undergoing indicial mo-
tion. Results for downstream and upstream moving gusts have
been computed, both for incompressible as well as linearized
subsonic � ow.

Overall, the results have shown that the gust speed has a
large effect on the lift and moment. For the incompressible
� ow case, exact results have been computed for all values of
time. Large peaks in the airloads exist at small values of time
just after the airfoil penetrates the gust front. These peaks can
be in excess of the � nal value of the airloads. In the subsonic
case, exact results can be computed only for limited values of
time after entering the gust, but the growth in lift has been
shown to be much more rapid with increasing gust convection
speed. Results for later values of time have been computed
using an Euler � nite difference method, which have shown
qualitatively the same trends as for the incompressible case.

The results have been generalized numerically by means of
Duhamel superposition to deal with gusts of arbitrary form. A
model problem of a two-dimensional vortex interacting with
an airfoil has been examined. The lift and moment for the
incompressible case have been solved directly, whereas for the
subsonic case exponential � ts to the traveling gust functions
have been assumed. For this model BVI problem, good agree-
ment has been obtained between the indicial method and re-
sults obtained from an Euler method. Furthermore, a cost sav-
ing of over � ve orders of magnitude makes the indicial method
computationally very attractive. Overall, the results have in-
dicated that the lift, moment, and acoustic signature are sen-
sitive to the vortex (gust) speed ratio, particularly in the sub-
sonic case.
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